Abstract This paper presents a detailed quasi steady-state approach to different torque components (average and pulsating) for a single-phase capacitor-run permanent magnet motor. By employing average electromagnetic torque, and the expected envelope of the pulsating torque, an accurate prediction of starting torque components behaviour is made. The quasi steady-state analysis of the asynchronous performance of the single-phase capacitor-start, capacitor-run permanent magnet motor is realized through a combination of symmetrical components and d-q axes theory. The developed approach is valid for any m-phase AC motor -induction, synchronous reluctance or synchronous permanent magnet.
INTRODUCTION
Permanent magnet motors, equipped with a cage rotor, may represent a higher-efficiency alternative to induction motors. Generally defined as line-start permanent magnet motors (LSPM), they may be supplied from a three-phase or single-phase voltage system. LSPM motors run synchronously and this way the cage rotor losses are minimized at nominal load. The capacitorstart, capacitor-run permanent magnet is the single-phase version of the LSPM. This special electrical motor is mainly employed in home appliances, such as refrigerator compressors.
Beneficially for steady-state operation, permanent magnets considerably affect the starting capabilities of such motors. The torque oscillations, during the starting transient, are much higher than for an induction motor.
A detailed approach to different torque components (average and pulsating) for a single-phase capacitor-run permanent magnet motor permits a correct estimation of motor performance. It extends the existent analysis made for a single-phase unsymmetrical [1] , [4] or three-phase symmetrical [2] , [3] permanent magnet motor. The subject of the analysis for the LSPM motor single-phase starting performance is made over a single-phase capacitor-start, capacitor-run, 50 Hz two-pole motor with concentric windings. The rotor consists of an aluminium rotor cage, with interior ferrite magnets, Fig. 1 .
MODELLING THE CAGE TORQUES
The traditional way to study the starting process of a LSPM motor is to subdivide it into two different regions [3] : 1-the run-up response up to the "rated induction motor"; 2-the transition zone from that point to synchronism. The accelerating torque is given by the cage torque minus the magnet braking torque and load torque. The unbalanced stator voltage for the case of capacitor start and/or run motors determines different performance for a LSPM motor. It will affect both the starting and steady-state operation of the motor. For a detailed analysis of the torque behaviour of the LSPM motor, a suitable combination of the symmetrical components and d-q axis theory will give accurate results.
An unbalanced supply voltage system can be decomposed using symmetrical components as:
The positive sequence V + will induce currents in the cage rotor of the LSPM motor. The currents frequency will be sf. In a similar way, the negative sequence V -will induce currents in the cage rotor, with (2-s)f frequency. In double revolving field theory, currents with sf frequency determine the forward field, and the (2-s)f frequency currents determine the backward field. Thus, the initial unbalanced LSPM motor is equivalent to two stator-balanced motors. Each of these fictive motors is characterised by an asymmetrical rotor configuration, due to the cage and the permanent magnets. Using the d-q axis fixed on the rotor frame, we can write the following stator voltage equations for the positive sequence motor: 
and for the negative sequence motor:
For the flux linkage components we will use the notations [3] :
Introducing (5) in (3) and (4), and solving the equation systems, we obtain the equivalent relations for d-q axis currents: Positive sequence:
Negative sequence:
where: 
where:
The presence of the capacitive impedance connected in series with the auxiliary winding requires a special usage of the symmetrical components. A suitable option is to include the capacitor voltage in the positive and negative sequence voltages. The positive and negative sequence impedances are approximated using the average of the apparent d and q axes impedances: 
Cage torque components
The following relations compute the average cage torque components (positive and negative sequence) valid for an mphase AC motor with unbalanced stator voltage:
Each of these two average torque components can be further divided into another two components. This way, the analysis of the starting capabilities of the LSPM motor can be accomplished for a wider range of frequencies. The electromagnetic asymmetry of the rotor leads to the following sequence components, as seen from the rotor reference frame: I) For the positive sequence (sf), the rotor field is decomposed into two components: forward component, which rotates versus the rotor with sn 1 speed; backward component, which rotates versus the rotor with (-sn 1 ) speed. These two revolving fields rotate versus the stator with the following speed: a) forward component:
For the negative sequence (2-s)f, the rotor field is decomposed into two components: forward component, which rotates versus the rotor with (2-s)n 1 speed; backward component, which rotates versus the rotor with (s-2)n 1 speed. These two revolving fields, rotate versus the stator with the following speed: a) forward component:
The stator voltage equations (2) and (3) can be re-written as follows for the positive sequence components:
and respectively for the negative sequence component:
where the indices f, b stand for forward and backward components.
After algebraic manipulations we obtain the forward and backward current expressions as:
The following relations compute the average cage torque components (positive and negative sequences split in forward and backward components) valid for an m-phase AC motor with unbalanced stator voltage:
where R e(+,-) represents the equivalent resistances computed with the following relations: 
while the equivalent magnetization impedances are: 
The total average cage torque may be computed as:
MODELLING THE MAGNET BRAKING TORQUE
A complete d-q axis analysis of the magnet braking torque for a 3-phase symmetrical LSPM motor is given in [2] . Expressions for determining the currents and the flux linkages due to the magnets, and the magnet braking torque are determined accordingly for the unsymmetrical singlephase LSPM motor:
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The expression (33) shows the possibility of decreasing the magnet braking torque when the stator windings of the single-phase LSPM motor are electrically non-orthogonal.
However, a more accurate analytical model may be needed for the magnet braking torque in the case of the 1-phase unbalanced LSPM motor, when the stator windings weight is not equal. The induced magnetic fluxes by the permanent magnet in both windings (main and auxiliary) depend on the rotor speed. Their amplitude is proportional to the effective ampere-turns in the respective winding. The magnet braking torque is given by the interaction between the stator currents and the induced magnetic fluxes by the permanent magnet in these windings. As the stator currents amplitude and phase angle are different, this explains why the exact analytical expression for this torque component is impossible to deduce, without several useful assumptions. A literature survey [6] , [7] , [9] shows that even using the complicated FE technique, the magnet braking torque prediction has not yet been realised.
MODELLING THE PULSATING TORQUES
In a single-phase permanent magnet motor, several harmonic stator currents are present. These harmonic components are due to the asynchronous operation as an induction motor, and to the influence of the permanent magnets: a) the fundamental (f) represented by the positive forward and negative backward sequence cage component; b) (1-2s)f harmonic, represented by the positive backward cage sequence; c) (3-2s)f harmonic, represented by the negative forward cage component; d) (1-s)f harmonic, represented by the induced stator currents due to the magnet rotation.
As the analysis of LSPM is made using a rotor reference frame, the stator harmonic current components correspond to two induced currents, and the equivalent current is determined by the permanent magnet. Their frequencies are: sf harmonic, represented by the positive cage sequence; (2-s)f harmonic, represented by the negative cage sequence; 0, represented by the permanent magnet equivalent current.
These harmonics interact and determine several pulsating torques: four cage pulsating torque components and two permanent pulsating torque components. Table I shows the interaction between harmonic rotor currents, and the resultant pulsating torque frequencies. 
Note that while the reluctance and excitation pulsating torques total effect is given by their sum, the unbalanced stator pulsating torque effect is given by their difference.
EXPERIMENTAL AND SIMULATION RESULTS
The experiments were performed on three motor types, equipped with identical rotor, and stator lamination, but with different stator windings. Note that the assumption made in section II, is not valid. This way it is possible to observe the influence of this simplification on the simulations, when compared to the experimental data. During starting, the accelerating torque of LSPM motor is the average cage torque minus the magnet braking torque and the load torque. The average cage torque is developed by "induction motor action", except that the saliency and the unbalanced stator voltages complicate the analysis and may compromise the performance.
The magnet braking torque is produced by the fact that the magnet flux generates currents in the stator windings, and is associated with the loss in the stator circuit resistance. The variation of this torque with speed follows a pattern similar to 5 of 8 that in the induction motor, but the per-unit speed takes the place of the slip.
The magnet braking torque should not be confused with the synchronous "alignment" torque that arises at synchronous speed, even through the magnet braking torque is still present at synchronous speed and therefore diminishes the output and the efficiency. The magnet alignment torque has a non-zero average value (i.e., averaged over one revolution or electrical cycle) only at synchronous speed. At all other speeds it contributes an oscillatory component of torque that is very evident in Figs. 11-13 . The same is true of the reluctance torque. As the rotor approaches synchronous speed, the screening effect of the cage becomes less, and as the slip is very small, the oscillatory synchronous torques (alignment and reluctance) cause large variations in speed that may impair the ability to synchronize large-inertia loads. There are presented the simulation results for the case when two capacitors are used, 23 µF at low speed and 3 µF at high speed (above 80-90% of synchronous speed), for all the analysed LSPM motor types. Note that these values do not correspond to the optimum values of any of the analysed motors. A trade-off has to be made depending on the application: lower starting torque and efficiency, but increased load torque and synchronization capability (motor B); higher starting torque and efficiency, but decreased load torque and synchronization capability (motor A and C); higher starting and load torque and synchronization capability, but lower efficiency and higher magnetic noise i.e., pulsating torques (motor D).
The magnet braking torque exhibits a maximum in a range from 0.25 Nm (Motor B) to 0.65 Nm (Motor D). The cage torque in all the cases overcomes the magnet braking torque.
Figs. 2-5 illustrate the experimental quasi steady-state torque variation vs. speed during no-load operation for a linestart permanent magnet motor, supplied with an unbalanced stator voltage system, with a capacitor-start value 23 µF. The higher torque values have been measured when the rotor is without permanent magnets (T (avg) ). The lower torque values represent the experimental data for the real motor equipped with permanent magnets (T (avg) + T m ). The capacitor value was not optimised, as the experiments were intended to study the torque behaviour during starting operation, for a wide range of capacitance values. Figs. 10-13 show the pulsating torque components zero to peak amplitude. The solid lines represent the cage pulsating torque components, while the magnet pulsating torque components are illustrated using dashed lines. One can note the higher values for the unbalanced stator (eqs. 34, 35) and magnet (excitation) pulsating torque (eqs. 38, 39). In Figs. 14-17, the dynamic torque and quasi-steady state average resultant torque (solid line) and the envelope of the instantaneous torque are presented (dashed lines). The dynamic torque simulation pattern follows that described in [1] . The minimum and maximum envelope trajectory (T envmax ,T envmin ) are obtained by superimposing the pulsating torque components effect over the average resultant torque. This approach neglects the mechanical pulsation due to rotor/load inertia and assumes that even though pulsating torque components vary with different frequencies, their global effect may be simulated by superposition. The slight difference between the quasi steady-state torque and dynamic torque is due to the rotor inertia influence and the pulsating torque variation with frequency harmonics (Table I ).
All simulations have been implemented neglecting saturation and core losses. However, the proposed model equations may include any non-linearity effect.
The 
TORQUE COMPONENTS CHARACTERISTICS
For the average cage torque components, the main observations are: I) The positive forward sequence torque (T (avg)f+ ) is the main component, which ensures good starting capabilities for a single-phase permanent magnet motor. The starting capabilities require a high-resistance rotor cage, but this feature will present the classical "dip" at half synchronous speed, in a similar way to the Goerges [4] phenomenon in induction motors with an unsymmetrical rotor. This "dip" can be minimised by using lower resistance rotor bars, or almost symmetrical cage rotors, i.e. R rd ≈ R rq . Therefore, an optimum value for the cage rotor resistance must be employed. II) The positive backward sequence torque (T (avg)b+ ) which amplifies the half synchronous speed "dip", and the negative forward sequence torque (T (avg)f-) which always has negative values and diminishes the resultant cage torque, can be minimised by using a minimum admissible value for the stator resistance. However, this task is hard to achieve for small motors (P n < 1kW). III) Obviously, the minimisation of negative sequence voltage amplitude toward zero (i.e. by using a correct choice for the run capacitor [1] ), leads to the elimination of negative sequence average torque components. IV) It is of interest that the developed airgap cage torque at synchronous speed is not zero as in a symmetrical induction motor. The cage torque of the asymmetrical PM machine at s = 0 is always negative, because of the negative forward sequence torque (T (avg)f-), except when X d = X q , where the stator windings are identical and the cage torque becomes zero (i.e. case of a 2-phase balanced induction motor).
For the magnet braking torque, the main observations are: I) The maximum amplitude of the magnet braking torque may be decreased by employing a suitable value for the stator windings shift angle (ζ) [10] , or an over unit value for turns ratio (β).
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II) The corresponding speed for the maximum amplitude of the magnet braking torque is susceptible to occur at higher than half synchronous speed for 1-phase unsymmetrical LSPM motor. III) For pure single-phase motors (split-phase), when only one stator winding is energized, the magnetic field created by excitation (permanent magnets) transforms from a revolving field into a pulsating field and the corresponding braking torque vanishes.
For the pulsating torque components, the main observations are: I) The asymmetries on both stator and rotor determines six important pulsating torque components for the run-up period [2sf, 2f, (2-2s)f, (4-2s)f, (2-s)f, sf] and two components for the synchronous operation [2f, 4f], compared to two and zero components respectively for the 3-phase symmetrical motor case [2] . II) All six pulsating torque components for the run-up period can further be split into another two components, if the analysis is to be made from the stator point of view. III) Even for a symmetrical rotor (i.e. d-q axis parameters are identical), the pulsating excitation and unbalanced stator torque components will not disappear completely. The unsymmetrical stator pulsating torque components (2f and (2-2s)f) are always present for an unbalanced stator voltage system. The double frequency pulsating torque component represents the main cause of pulsating for the single-phase LSPM motor. This component is characteristic for any 1-phase AC motor: induction, synchronous reluctance, or synchronous permanent magnet. IV) The forward sequence excitation pulsating component (eq. 38) is responsible for larger pulsations especially at low speed (slip ≅ 1), whilst the negative sequence excitation pulsating component (eq. 39) has a comparable value with the reluctance pulsating torque components (eqs. 34, 35). V) The reluctance pulsating torque components [2sf and (4-2s)f] are entirely dependent on the machine parameters (resistances and reactances). The difference between rotor dq axis resistances and leakage reactances (R rd ≠ R rq , X lrd ≠ X lrq ) determines an increased pulsating "dip" torque around the half synchronous speed region. The difference between magnetisation d-q axis reactances (X md ≠ X mq ) determines an increased pulsating torque around the synchronous speed region. VI) The rotor asymmetry is responsible for the non-zero reluctance pulsating torque at standstill (s = 1), and the stator asymmetry is responsible for the non-zero unbalanced stator pulsating torque even at synchronous speed operation. For a single-phase permanent magnet motor, the proper selection of a capacitor to obtain a balanced stator voltage system will lead only to the minimisation toward zero of the stator asymmetry effect. The rotor asymmetry effect cannot be eliminated.
CONCLUSIONS
The asynchronous performance prediction for a line start permanent magnet motor can be made using a quasi steadystate analysis. Important information about the motor torque capability is obtained through the study of different torque components. The deduced torque expressions are valid for the general case of the m-phase AC motor, supplied with unbalanced stator voltage.
